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Abstract
For a set of prime numbers P, we study when the P-localization of an Eilenberg–Mac Lane space with
virtually nilpotent fundamental group is again aspherical. While investigating this problem, we devote special
attention to infra-nilmanifolds.
We prove that the P-localization of an orientable infra-nilmanifold is aspherical if and only if its holonomy
group is P-torsion. The same holds for non-orientable infra-nilmanifolds if 2 is in P. We also develop
computational techniques to check preservation of asphericity. These are explicitly applied to show that the
P-localization of a non-orientable infra-nilmanifold of dimension 6 3 is always aspherical. We point out that
this is no longer true from dimension 4 onwards.
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1. Introduction
Let H be the pointed homotopy category of connected CW-complexes. By a space we always
mean an object of H. A space X is aspherical if all its higher homotopy groups k(X ) (k¿ 2)
vanish. It is hence an Eilenberg–Mac Lane space of type K(1(X ); 1). In this paper, we analyse
when the P-localization functor preserves asphericity of virtually nilpotent spaces. In other words,
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we study when the P-localization of a K(E; 1)-space, with E a virtually nilpotent group, is again
aspherical.
The answer to this question is known for aspherical spaces with nilpotent or ;nite fundamental
group: for K(N; 1)-spaces with N nilpotent, the P-localization K(N; 1)P is always a K(NP; 1)-space
[10] and for ;nite groups F , K(F; 1)P is aspherical if and only if F is P-nilpotent [3]. This certainly
highlights the problem of describing virtually nilpotent K(E; 1)-spaces such that, for a set of primes
P, K(E; 1)P is (eventually, is not) aspherical. Up till now, the only non-trivial example for which
this is answered is the Klein bottle: for all sets of primes P, its P-localization is aspherical [4].
Infra-nilmanifolds constitute an interesting subclass of virtually nilpotent aspherical spaces. It is
particularly in this context that we investigate if asphericity is preserved under P-localization. We
prove that the P-localization of an orientable infra-nilmanifold is aspherical if and only if its holon-
omy group is P-torsion. For non-orientable infra-nilmanifolds the same result is obtained when
localizing at a set of primes containing 2. If this is not the case, we could not ;nd a general answer.
Nevertheless, we establish a criterion in terms of Betti numbers to check the asphericity of the
P-localization of a Iat Riemannian manifold with P-nilpotent holonomy group.
Our ;ndings leave us with various examples of infra-nilmanifolds having a non-aspherical P-locali-
zation. Motivated by this observation and by [11], the homotopy type of the P-localization of an
infra-nilmanifold M is investigated in [1]. In this paper, it is proved that if MP is not aspherical,
then MP is a virtually nilpotent space having in;nitely many non-trivial higher homotopy groups,
which are all ;nitely generated as ZP-modules.
2. Preliminaries
If G is a group and x; y are elements of G, then the commutator [x; y] is de;ned as x−1y−1xy. The
lower central series of G is de;ned inductively by 1(G)=G and n+1(G)=[n(G); G] (n∈N\{0}).
We say that G is c-step nilpotent if and only if c(G) = {1} and c+1(G) = {1}. A group E is
virtually nilpotent if and only if E contains a nilpotent normal subgroup of ;nite index. Hence, each
virtually nilpotent group E ;ts into a group extension Fitt(E)  E  E=Fitt(E) where the Fitting
subgroup Fitt(E) of E is maximal nilpotent amongst all normal subgroups of E and E=Fitt(E) is a
;nite group, referred to as the Fitting quotient of E.
A polycyclic-by-;nite group E is called almost-crystallographic if and only if Fitt(E) is torsion-free,
maximal nilpotent and of ;nite index in E. Equivalently, a group E is almost-crystallographic if and
only if E is a ;nitely generated virtually nilpotent group containing no non-trivial ;nite normal sub-
groups. If an almost-crystallographic group E is torsion-free, then E is an almost-Bieberbach group.
From a topological point of view, E is then exactly the fundamental group of an infra-nilmanifold
M . By de;nition, M is a K(E; 1)-space. The dimension of M is the Hirsch length h(E) of E. The
Fitting quotient of E is referred to as the holonomy group. Almost-crystallographic (respectively,
almost-Bieberbach) groups and infra-nilmanifolds are straightforward generalizations of crystallo-
graphic (respectively, Bieberbach) groups and Iat (Riemannian) manifolds.
In this paper, we frequently refer to the Betti numbers of an infra-nilmanifold (or of the corre-
sponding almost-Bieberbach group). Recall that the ith Betti number bi(E) of a polycyclic-by-;nite
group E is the rank of the ith homology group Hi(E;Z), where Z is a trivial E-module. The Euler
characteristic (E) of an (infra-nilmanifold with) almost-Bieberbach group E, which is by de;nition
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the alternating sum of its Betti numbers, is always zero. A last fact needed is the following: an
n-dimensional infra-nilmanifold with fundamental group E is orientable if and only if bn(E) = 0
(in fact, bn(E) then equals 1). More details on almost-crystallographic groups and infra-nilmanifolds
can be found in [7] (and in the references cited there).
Let P be a set of prime numbers and P′ its complement in the set of all primes. For an integer
n, we write n∈P if and only if all prime divisors of n belong to P. A group G is P-local if and
only if nth roots exist in G and are unique, for all n∈P′. A pair (GP; lG), with GP a P-local group
and lG :G → GP a homomorphism, is referred to as the P-localization of G if and only if for
each P-local group L and for each homomorphism  :G → L, there exists a unique homomorphism
 P :GP → L such that  P ◦ lG =  . This exists always and is unique up to isomorphism [12].
P-localization is well understood for torsion groups and in the category of nilpotent groups. Also
for virtually nilpotent groups, P-localization methods have been developed. A fundamental result,
obtained in [5], is: if N  E
j
F is a group extension with c-step nilpotent kernel N and a torsion
group F as quotient, then EP ;ts into a short exact sequence KP ∼= (K=c+1(K))P  EP  FP
where K is the preimage under j of iP′(F). The group iP′(F) is the subgroup of F generated by all
P′-torsion elements. It immediately follows that P-localization restricts to the category of virtually
nilpotent groups. Another essential result in this category is the characterization of the kernel of
lE :E → EP [9] as being the Ribenboim P′-torsion subgroup of E.
The homotopical analogue of P-localization in group theory is described in [6]. In this set-up,
a space X is P-local if and only if for each k¿ 2, the semi-direct product k(X )o 1(X ) is a
P-local group. This is equivalent to imposing that 1(X ) be P-local and that each k(X ) be a P-local
1(X )-module, for k¿ 2 (where a G-module A given by an action ! :G → Aut(A) is called P-local
if and only if, for all g∈G and each n∈P′, the map g;n :A → A:a 	→ a + !(g)(a) + !(g2)(a) +
· · · + !(gn−1)(a) is bijective). For every space X , there exists a unique (up to homotopy) P-local
space XP and a map lX :X → XP which is initial among all maps in H from X into P-local spaces.
The induced homomorphism 1(X )→ 1(XP) is P-localization in the category of groups. Hence, if
the P-localization of a K(G; 1)-space is aspherical, then K(G; 1)P is a K(GP; 1).
A space X is nilpotent if and only if for all k¿ 2, k(X )o 1(X ) is a nilpotent group. If for
each k¿ 2, 1(X ) has a normal subgroup of ;nite index such that the corresponding subgroup of
k(X )o 1(X ) is nilpotent, then X is called a virtually nilpotent space. Hence, an aspherical space
X is virtually nilpotent if and only if 1(X ) is a virtually nilpotent group.
3. Known criteria for preserving asphericity
In this section, we collect some crucial results concerning the preservation of asphericity of
spaces under P-localization. We begin with a theorem of Casacuberta and Peschke [6, Proposition
8.6] providing a criterion to verify algebraically if the P-localization of a K(G; 1)-space is again
aspherical.
Theorem 1. Let G be a group and P a set of primes. The P-localization of a K(G; 1)-space is
a K(GP; 1) if and only if for all k ∈N and for each P-local GP-module A, lG :G → GP induces
isomorphisms l∗: Hk(G;A) ∼= Hk(GP;A) (or equivalently, lG induces l∗:Hk(GP;A) ∼= Hk(G;A)).
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Observe that such “twisted” P-local coeOcients A include trivial ZP-coeOcients. Known examples
of groups G satisfying the above criterion are nilpotent groups [6] and P-nilpotent ;nite groups [3]
(i.e. ;nite groups F such that iP′(F) is P′-torsion).
A useful suOcient condition to conclude that the P-localization of a K(G; 1)-space is aspherical
is given by
Proposition 2. Let P be a set of primes. Write lG :G → GP for the P-localization of a group
G and assume GP is nilpotent. If for all r ∈N, s∈N\{0} and for each P-local GP-module A,
Hr(im lG;Hs(ker lG;A)) = 0, then K(G; 1)P is aspherical.
Proof. Fix a P-local GP-module A and consider the extension ker lG  G  im lG. It is given
that the associated Lyndon–Hochschild–Serre spectral sequence (with coeOcient module A) col-
lapses. Moreover, as ker lG acts trivially on A, H 0(ker lG;A) = A and hence l∗ :Hk(im lG;A) →
Hk(G;A) is an isomorphism. But the embedding i : im lG → GP is P-localization in the category of
nilpotent groups. Therefore, i∗ :Hk(GP;A) ∼= Hk(im lG;A), which ;nishes the proof (because of
Theorem 1).
Finally, the following result of Casacuberta [4] immediately implies that for a P-torsion group
F and a homotopy ;bre sequence Y → X → K(F; 1), XP is aspherical if and only if YP is
aspherical.
Proposition 3. If Y → X → K(F; 1) is a homotopy 6bre sequence with F a P-torsion group, then
YP → XP → K(F; 1) is a homotopy 6bre sequence.
Propositions 2 and 3 provide interesting computational techniques to study concrete examples. We
illustrate:
Example 4. We consider the three-dimensional non-orientable Iat manifold of type 2/2/1/02 (see
[2]), with fundamental group
E= 〈a; b; c; # | [b; a] = 1; [c; a] = 1; [c; b] = 1;
#a= a#; #b= b−1#; #c = c#; #2 = c〉:
If 2∈P, then K(E; 1)P is aspherical with fundamental group EP ;tting into Z2P  EP  Z2
(Proposition 3). If 2 ∈ P, then ker lE = 〈b〉 and im lE is generated by lE(a) and lE(#). Hence,
EP ∼= (im lE)P ∼= Z2P is nilpotent and we can apply Proposition 2 to check asphericity of
K(E; 1)P.
Fix a P-local EP-module A, given by ! :EP → Aut(A). It is suOcient to prove that Hr(im lE;
Hs(ker lE;A)) = 0, for r = 0; 1; 2 and s = 1. Of course, ker lE ∼= Z acts trivially on A. Hence,
H 1(ker lE;A) ∼= Hom(Z; A) ∼= A. Now consider
〈lE(#)〉 im lE  〈lE(a)〉 ∼= Z
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with the corresponding Lyndon–Hochschild–Serre spectral sequence. The induced 〈lE(#)〉-module
structure on Hom(Z; A) is given by
Hom(Z; A)→Hom(Z; A)
f 	→ lE(#)f :Z→ A
b 	→!(lE(#))(f(#−1b#)) =−!(lE(#))(f(b)):
Equivalently, 〈lE(#)〉 acts on A by:
x∈A 	→ lE(#)x =−!(lE(#))(x):
Thus x∈H 0(〈lE(#)〉; A) if and only if lE(#);2(x) = x + !(lE(#))(x) = 0. But lE(#);2 is injective and
hence H 0(〈lE(#)〉;A) = 0. Moreover, the surjectivity of lE(#);2 implies that H 1(〈lE(#)〉;A) = 0. This
induces that (for all r) Hr(im lE;H 1(ker lE;A)) = 0. Hence, K(E; 1)P is a K(Z2P; 1).
Proceeding as above, one could perform a case-by-case study to obtain information on the (possi-
bly, lack of) asphericity of the P-localization of speci;c infra-nilmanifolds. However, in this paper,
we discover patterns and prove general results which in many cases strongly reduce the computational
work.
4. The e"ect of P-localization on infra-nilmanifolds
We now further analyze conceptually if P-localization preserves asphericity, speci;cally for
Eilenberg–Mac Lane spaces with virtually nilpotent fundamental group. Of key importance is
Theorem 5. Assume E is a virtually nilpotent group with Fitting quotient F . Write K for the preim-
age of iP′(F) in E. Then K(E; 1)P is aspherical if and only if lK :K → KP induces isomorphisms
l∗ : Hk(K ;ZP) ∼= Hk(KP;ZP), for all k ∈N.
Proof. Since F is ;nite, the P-localization homomorphism F → FP is surjective and iP′(F) is its
kernel. This implies that the sequence K  E  FP is exact and hence may be realized by a
homotopy ;bre sequence K(K; 1) → K(E; 1) → K(FP; 1). By Proposition 3, the space K(E; 1)P is
aspherical if and only if K(K; 1)P is aspherical. By [1, Theorem 4.1], the space K(K; 1)P is nilpotent
and hence, by [6, Proposition 8.1], homotopy equivalent to the H∗(;ZP)-localization of K(K; 1).
Since KP is nilpotent, the space K(KP; 1) is H∗(;ZP)-local. Therefore, K(K; 1)P  K(KP; 1) if and
only if the map K(K; 1)→ K(KP; 1) is a H∗(;ZP)-equivalence, as stated.
Recall that K is also virtually nilpotent, ;tting into Fitt(E) K  iP′(F). In case F is a P-torsion
group, then K = Fitt(E) and hence for a virtually nilpotent group E with P-torsion Fitting quotient,
K(E; 1)P is aspherical.
Because of computational reasons, from now on we restrict to aspherical spaces with fundamental
group in the category of ;nitely generated virtually nilpotent groups. Theorem 5 allows us to prove
a necessary condition in terms of the rank of the integral homology groups to preserve asphericity.
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Proposition 6. Let E be a 6nitely generated virtually c-step nilpotent group with Fitting quotient
F . Write K for the preimage of iP′(F) in E. If K(E; 1)P is aspherical, then for all k ∈N, bk(K) =
bk(K=c+1(K)).
Proof. By Theorem 5, lK :K → KP induces isomorphisms Hk(K ;ZP) ∼= Hk(KP;ZP), for all k ∈N.
Since KP ∼= (K=c+1(K))P and P-localization induces isomorphisms on integral homology in the
category of nilpotent groups, we have that
Hk(K ;ZP) ∼= Hk(KP;ZP) ∼= Hk((K=c+1(K))P;ZP) ∼= Hk(K=c+1(K);ZP):
We conclude that bk(K) equals bk(K=c+1(K)).
For almost-crystallographic groups, it is now possible to show
Lemma 7. Let E be an almost-crystallographic group of Hirsch length n such that bn(E) = 0.
Assume F is the holonomy group of E and let c denote the nilpotency class of Fitt(E). Write K
for the preimage in E of iP′(F). If bn(K) = bn(K=c+1(K)), then F is P-torsion.
Proof. First note that K is also an almost-crystallographic group of Hirsch length n with bn(K) = 0
and hence bn(K=c+1(K))¿ 0. As ;nitely generated nilpotent group, K=c+1(K) has a torsion-free
normal subgroup S of ;nite index. Observe that bn(S)¿ bn(K=c+1(K)) (since the composition of
corestriction and restriction for these groups is multiplication by the index of S in K=c+1(K)), thus
Hn(S) = 0. But the homological dimension of a torsion-free, ;nitely generated nilpotent group is
equal to its Hirsch length and consequently, h(E)=n6 h(S)=h(K=c+1(K)). Since h(K=c+1(K))=n−
h(c+1(K)), this implies that h(c+1(K))=0 or equivalently, c+1(K) is ;nite. As an almost-crystallo-
graphic group contains no non-trivial ;nite normal subgroups, it follows that c+1(K) = {1}. But
then K = Fitt(E) (otherwise K would be a nilpotent normal subgroup of E containing Fitt(E) as a
proper subgroup) and F is a P-torsion group.
Proposition 6 and Lemma 7 prove the following:
Proposition 8. Assume E is an almost-crystallographic group of Hirsch length n such that
bn(E) = 0. Let F be the holonomy group of E and let Fitt(E) have nilpotency class c. Write
K for the preimage of iP′(F) in E. Then the following are equivalent:
(1) K(E; 1)P is aspherical.
(2) For all k ∈N, bk(K) = bk(K=c+1(K)).
(3) F is a P-torsion group.
Remark 9. Proposition 8 fails in general for ;nitely generated virtually nilpotent groups. The condi-
tion on the lack of existence of (non-trivial) ;nite normal subgroups is essential. Take for example
the symmetric group S3 on three elements and let P be a set of primes not containing 2 nor 3.
Then the Fitting quotient Z2 is not a P-torsion group although K(S3; 1)P is contractible. More-
over, if we take a set of primes P such that 2 ∈ P and 3∈P, then S3 is not P-nilpotent while
bk(S3) = bk(S3=[S3 ;S3]) = bk(Z2) for all k ∈N.
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Remark 10. Proposition 8 does neither hold for n-dimensional almost-crystallographic groups E with
bn(E) = 0. The Klein bottle already provides a counterexample for (1) ⇒ (3). It is also possible
that (2) does not imply (1). For example, consider the following two-dimensional crystallographic
group:
E= 〈a; b; #; ( | [b; a] = 1; #a= b#; (a= b−1(; #3 = 1;
#b= a−1b−1#; (b= a−1(; (2 = 1; #( = (#2〉:
Let P be a set of primes such that 2 ∈ P and 3∈P. Then the P-localization of the holonomy
group S3 is trivial or equivalently, K =E. Since all Betti numbers of E, except b0(E), are zero, the
conditions on the Betti numbers as formulated in (2), are ful;lled. However, H3(S3;ZP) = Z3 and
because the projection E ∼= Z2 oS3  S3 induces epimorphisms on homology, H3(E;ZP) = 0,
although H3(EP;ZP)=0 since EP=(E=2(E))P={1}. Hence, by Theorem 5, K(E; 1)P is not aspherical.
Proposition 8 applies to infra-nilmanifolds and we obtain
Theorem 11. The P-localization of an orientable infra-nilmanifold is aspherical if and only if its
holonomy group is P-torsion.
In case 2∈P, the same holds for non-orientable infra-nilmanifolds.
Theorem 12. If P is a set of prime numbers containing 2, then the P-localization of a non-orientable
infra-nilmanifold is aspherical if and only if its holonomy group is P-torsion.
Proof. Let M be a non-orientable infra-nilmanifold with holonomy group F . Then M is two-fold
covered by an orientable infra-nilmanifold M ′, yielding a homotopy ;bre sequence M ′ → M →
K(Z2; 1). Hence, if 2∈P, then MP is aspherical if and only if M ′P is aspherical (Proposition 3).
Note that the holonomy group F ′ of M ′ is a normal subgroup of index 2 in F . Because of Theorem
11, it follows that MP is aspherical if and only if F ′, and thus also F , is P-torsion.
We close this section with
Theorem 13. If M=K(E; 1) is an infra-nilmanifold such that EP is 6nite, then MP is not aspherical.
Proof. Since b0(E) = 1 and (E) = 0, there is an integer i¿ 1 such that bi(E) = 0. Thus Hi(E;Z)
has a non-trivial free abelian part but, since EP is ;nite, Hi(EP;ZP) is ;nite and hence it is not
isomorphic to Hi(E;ZP).
5. Crystallographic groups with P-nilpotent holonomy group
In this section we concentrate on aspherical spaces with a ;nitely generated, virtually abelian
fundamental group. Proposition 6 can here be reformulated as follows:
1150 A. Descheemaeker, W. Malfait / Topology 42 (2003) 1143–1154
Proposition 14. Let E be a 6nitely generated virtually abelian group with Fitting quotient F . Write







Proof. Applying the KPunneth formula, we obtain that bk(K=[K;K]) equals the rank of Hk(Zb1(K);Z)
and this is exactly ( b1(K)k ), for all k ∈N.
For crystallographic groups with P-nilpotent holonomy group, we prove the converse of the above
proposition:
Theorem 15. Let E be a crystallographic group with P-nilpotent holonomy group F and let K







Proof. Fix k ∈N. Note that K is a crystallographic group with iP′(F) as holonomy group and
N = Fitt(E) as Fitting subgroup. Since N is free abelian, Hk(N ;Z) is torsion-free. Then Hk(K ;Z)
contains no P-torsion elements because the composition of corestriction and restriction is multipli-
cation by the order of iP′(F) (which belongs to P′ since F is P-nilpotent). Therefore, Hk(K ;ZP) ∼=
Zbk (K)P . In particular, this implies that KP ∼= (K=[K;K])P ∼= H1(K ;ZP) ∼= Zb1(K)P and so Hk(KP;ZP) ∼=
Hk(Zb1(K)P ;ZP) ∼= Hk(Zb1(K);ZP). Our claim now follows from Theorem 5.
Remark 16. Theorem 15 is false in general for ;nitely generated virtually abelian groups. For ex-
ample, take again S3 and a set of primes P such that 2 ∈ P and 3∈P. Then the Fitting quotient
Z2 is P-nilpotent, K = S3 and the conditions on its Betti numbers are ful;lled, but S3 is not
P-nilpotent.
Remark 17. The condition of having a P-nilpotent holonomy group cannot be omitted in Theorem
15. Indeed, consider again the two-dimensional crystallographic group E presented in Remark 10. If
2 ∈ P and 3∈P, then S3 is not P-nilpotent. Observe that the conditions on the Betti numbers of
K = E are trivially ful;lled but H3(E;ZP) ∼= H3(EP;ZP).
It is hence relevant to ask if demanding a P-nilpotent holonomy group is very restrictive or not. In
fact, in all examples we checked (e.g. Example 22), a holonomy group which is not P-nilpotent
gives rise to a non-aspherical P-localization. Perhaps this is not surprising because of [3] (for ;nite
groups F , K(F; 1)P is aspherical if and only if F is P-nilpotent). Therefore, it is natural to conjecture
that the Fitting quotient of a virtually nilpotent group E with K(E; 1)P aspherical is always
P-nilpotent. Note that this is true if E is an n-dimensional almost-crystallographic group with
bn(E) = 0 (Proposition 8).
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6. Application: P-localizing 0at manifolds of dimension less than 5
We now apply (and meanwhile illustrate) the results presented above. First note that in dimensions
1 and 2, the only Iat manifolds are the circle, the torus and the Klein bottle. In each case, for every
set of primes P, the P-localization is aspherical. This is only not immediate for the Klein bottle but
if 2 ∈ P, then its P-localization is a K(ZP; 1)-space [4].
In the future, we always refer to the classi;cation of crystallographic groups as given in [2]. In
dimension 3, there are 10 Iat manifolds but six of them are orientable. In that case, the P-localiza-
tion only is aspherical if P contains all prime divisors of the order of the holonomy group
(Theorem 11).
Example 18. A well-known orientable three-dimensional Iat manifold is the Hantzsche–Wendt man-
ifold. Its fundamental group E ;ts into a short exact sequence Z3  E  Z2 × Z2. If P is a set
of primes containing 2, then K(E; 1)P is a K(EP; 1) (where EP ;ts into the induced extension
Z3P  EP  Z2 × Z2). In case 2 ∈ P, EP is trivial (since E=[E;E] ∼= Z4 × Z4) and K(E; 1)P is not
aspherical (see also Proposition 13).
We now examine the four non-orientable three-dimensional Iat manifolds.
Example 19. Their presentations are as follows:
Type 2=2=1=02: 〈 a; b; c; # | [b; a] = 1; [c; a] = 1; [c; b] = 1;
#a= a#; #b= b−1#; #c = c#; #2 = c〉;
Type 2=2=2=02: 〈 a; b; c; # | [b; a] = 1; [c; a] = 1; [c; b] = 1;
#a= b#; #b= a#; #c = c#; #2 = c〉;
Type 3=2=1=09: 〈 a; b; c; #; ( | [b; a] = 1; [c; a] = 1; [c; b] = 1;
#a= a−1#; #b= b−1#; #c = c#;
(a= a(; (b= b−1(; (c = c(;
#2 = c; (2 = c; (#= b−1#(〉;
Type 3=2=1=10: 〈 a; b; c; #; ( | [b; a] = 1; [c; a] = 1; [c; b] = 1;
#a= a−1#; #b= b−1#; #c = c#;
(a= a(; (b= b−1(; (c = c(;
#2 = c; (2 = a; (#= ab−1#(〉:
Observe that each of these manifolds has a 2-torsion holonomy group. Therefore, assume that P is
a set of primes not containing 2.
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The Betti numbers of the manifolds are given by:
E b1(E) b2(E) b3(E)
Type 2/2/1/02 and 2/2/2/02 2 1 0
Type 3/2/1/09 and 3/2/1/10 1 0 0
As an application of Theorem 15, it is easy to check that in all cases the P-localization of the
corresponding Iat manifold is again aspherical.
We conclude that
Proposition 20. For each set of primes P, the P-localization of a non-orientable 9at manifold of
dimension 6 3 is aspherical.
In dimension 3, all infra-nilmanifolds which are not Iat are orientable [7] and hence Theorem 11
applies.
With analogous techniques, one can proceed to higher dimensions. This has been performed for
all Iat manifolds in dimension 4 by the ;rst author and a detailed exposition of these calculations
is available in [8]. Here we only display some illuminating examples.
Because of Theorem 11, out of the 74 Iat manifolds in dimension 4, only the 47 non-orientable
ones have to be studied. For 20 of them, 3 after computing the Betti numbers and applying Proposi-
tion 14, the same conclusion as for the orientable ones is obtained: their P-localization is aspherical
if and only if the holonomy group is P-torsion. Let us illustrate this for one particular Iat manifold
of this kind.
Example 21. Consider the non-orientable Bieberbach group E of type 02/02/01/002. It has as pre-
sentation
E= 〈a; b; c; d; # | [b; a] = 1; [c; a] = 1; [c; b] = 1; [d; a] = 1;
[d; b] = 1; [d; c] = 1; #a= a−1#; #b= b−1#;
#c = c−1#; #d= d#; #2 = d〉
and its holonomy group is Z2.
If 2∈P, then K(E; 1)P is aspherical, with fundamental group EP ;tting into the induced extension
Z4P  EP  Z2. If 2 ∈ P, check that b1(E) = 1, b2(E) = 3 = b3(E), b4(E) = 0 and Proposition 14
then implies that K(E; 1)P is not aspherical.
Note that this already rejects the validity of Proposition 20 in dimensions ¿ 3. However, also in
dimension 4 there are Iat manifolds whose P-localization is always aspherical. More speci;cally,
3 Types 02/02/01/002, 04/02/01/008, 04/02/01/011, 04/02/01/012, 04/02/01/016, 04/02/03/004, 04/03/01/006,
06/02/01/027, 06/02/01/050, 12/01/02/002, 12/01/03/002, 12/01/04/002, 12/01/06/002, 12/04/03/011, 13/01/01/008,
13/01/01/011, 13/01/03/008, 14/01/01/002, 14/01/03/002 and 15/01/01/010.
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this is true for 25 non-orientable four-dimensional Iat manifolds 4 (out of the 27 left to study), all
having a 2-torsion holonomy group. If 2∈P, then the P-localization of these manifolds is aspherical.
In case 2 ∈ P, after computing their Betti numbers and checking Theorem 15, one obtains that their
P-localization is always aspherical.
The 2 remaining non-orientable four-dimensional Iat manifolds 5 do not have a 2-torsion holonomy
group and need special attention. Type 25/01/01/010 is intriguing since it is the only case (in
dimensions ¡ 5) where a holonomy group which is not P-nilpotent occurs.
Example 22. Take the Iat manifold (type 14/02/03/002) with fundamental group
E= 〈a; b; c; d; # | [b; a] = 1; [c; a] = 1; [c; b] = 1; [d; a] = 1;
[d; b] = 1; [d; c] = 1; #a= a−1#; #b= b#;
#c = c−1d#; #d= c−1#; #6 = b〉
and holonomy group Z6. Its Betti numbers are b1(E)=b2(E)=b3(E)=1 and b4(E)=0. We distinguish
the following cases:
2; 3∈P: The holonomy group Z6 is P-torsion. Hence K(E; 1)P is aspherical, with fundamental
group EP ;tting into Z4P  EP  Z6.
2; 3 ∈ P: K(E; 1)P is not aspherical because of Proposition 14.
2∈P, 3 ∈ P: Proposition 12 implies that K(E; 1)P is not aspherical.
2 ∈ P, 3∈P: Observe that the preimage K in E of iP′(Z6) is the subgroup of E generated by
a; b; c; d; #3. This is exactly the Bieberbach group of type 02=01=01=0024. Because of
Theorem 5, it follows that K(E; 1)P is aspherical, with fundamental group EP ;tting
into the induced extension KP ∼= Z3P  EP  Z3.
Summarized, the P-localization of this Iat manifold is aspherical if and only if 3∈P.
Example 23. Finally, we study the manifold of type 25/01/01/010. It has fundamental group
E= 〈a; b; c; d; #; (;  | [b; a] = 1; [c; a] = 1; [c; b] = 1; [d; a] = 1;
[d; b] = 1; [d; c] = 1; #a= a#; #b= b−1#;
#c = c−1#; #d= d#; (a= a(; (b= b(;
(c = c−1(; (d= d−1(; a= a; b= c;
c = d; d= b−1; #2 = d; (2 = b;
6 = a; (= b#; #( = b−1c−1d(#; #= bd#(〉
and holonomy group A4 × Z2. Compute that b1(E) = 1 and b2(E) = b3(E) = b4(E) = 0.
4 Types 02/01/01/002, 02/01/02/002, 04/01/01/006, 04/01/01/007, 04/01/01/010, 04/01/01/011, 04/01/01/013,
04/01/02/004, 04/01/03/004, 04/01/03/011, 04/01/03/012, 04/01/04/005, 04/01/06/004, 06/01/01/041, 06/01/01/045,
06/01/01/049, 06/01/01/063, 06/01/01/064, 06/01/01/066, 06/01/01/081, 06/01/01/082, 06/01/01/083, 06/01/01/092,
12/03/04/006 and 12/03/10/005.
5 Types 14/02/03/002 and 25/01/01/010.
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The following situations occur:
2; 3∈P: The holonomy group A4 × Z2 is a P-torsion group and hence K(E; 1)P is aspherical
with fundamental group EP ;tting into the induced extension 1 → Z4P → EP →
A4 × Z2 → 1.
2; 3 ∈ P: K(E; 1)P is aspherical because of Theorem 15.
2 ∈ P, 3∈P: The preimage K in E of iP′(A4×Z2)=Z2×Z2×Z2 is generated by a; b; c; d; #; (; 3.
Choosing other generators a′ = d−1; b′ = c; c′ = b; d′ = a, #′ = #3; (′ = (3 and
′ = ( for K , one easily checks that K is of type 06=01=01=0924. Hence, K(E; 1)P is
aspherical (Theorem 5).
2∈P, 3 ∈ P: Theorem 12 implies that K(E; 1)P is not aspherical. Note thatA4×Z2 is not P-nilpotent
since iP′(A4 × Z2) =A4 contains 2-torsion.
The P-localization of this Iat manifold is hence aspherical if and only if 2 ∈ P or 3∈P.
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